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Parametric adaptation algorithms (PAA)

• Indirect adaptive control uses PAA in the plant model estimator
• Direct adaptive control uses PAA for controllers’ parameter
estimation

• Adaptive control with multiple models needs also PAA
• Self-tuning control using identification in closed loop needs
also PAA
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Parametric adaptation algorithm (PAA)
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We will develop the PAA in the context of plant model estimation
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Plant Model

)(
)(*

)(
)()( 1

11

1

1
1

−

−−−

−

−−
− ==

qA
qBq

qA
qBqqG

dd

)(*1...1)( 111

1

1 −−−−− +=+++= qAqqaqaqA A

A

n

n

)(*...)( 111
1

1 −−−−− =++= qBqqbqbqB B

B

n
n

)()()(*)()(*)1( 11 tdtuqBtyqAty Tφθ=−+−=+ −−

[ ]
BA nn

T bbaa ,...,,,... 11=θ

[ ])1()...(),1()...()( +−−−+−−−= BA
T ndtudtuntytytφ

G
u y

Parameter vector

Measurement vector



Adaptive Control – Landau, Lozano, M’Saad, Karimi
6

Algorithms for parameter estimation

Discrete time plant model (unknown parameters))
)()()()1( 11 ttubtyaty Tφθ=+−=+

],[ 11 baT =θ )](),([)( tutyt T −=φ
Adjustable prediction model (à priori)

)()(ˆ)()(ˆ)()(ˆ))(ˆ1(ˆ)1(ˆ 11 tttutbtytattyty To φθθ =+−=+=+

)](ˆ),(ˆ[)( 11 tbtat T =θ

Prediction error (à priori)

))(ˆ,1()1(ˆ)1()1( tttytyt ooo θεε +=+−+=+

Criterion to be minimized (objective):

[ ] [ ]2 2 
))(ˆ,1()1()1( ttttJ oo θεε +=+=+

Parameter adaptation algorithm

( ))1(),(),(ˆ)(ˆ)1(ˆ)(ˆ)1(ˆ ++=+Δ+=+ tttftttt oεφθθθθθ

Parameter vector

Measurement vector

Vector of adjustable parameters

;
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PAA – Gradient algorithm
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(I = unit matrix)

Criterion to be minimized (objective):
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)1()()(ˆ)1(ˆ ++=+ ttFtt oεφθθ F = αI    (α > 0)
F > 0    Positive definite matrix{

Adaptation gain

Attention:   Instability risk if  F (α) is large !!
(see book  Landau-Zito, pg. 213 – 214 for details)

Geometrical
interpretation

PAA – Gradient algorithm
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PAA – Improved gradient algorithm

Prediction error (a posteriori):

a posteriori output of the adjustable predictor

)()1(ˆ)()1(ˆ)()1(ˆ))1(ˆ1(ˆ)1(ˆ 11 tttutbtytattyty T φθθ +=+++−=++=+

)1(ˆ)1()1( +−+=+ tytytε

Criterion to be minimized (objective): [ ]2
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For implementation one should express: ))1(),(),(ˆ()1( 0 +=+ tttft εφθε
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[ ] )()(ˆ)1(ˆ)()(ˆ)1()1( ttttttyt
TT φθθφθε −+−−+=+

)1()()(ˆ)1(ˆ +=−+ ttFtt εφθθ)1()()(ˆ)1(ˆ ++=+ ttFtt εφθθ

)1()()()1()1( 0 +−+=+ ttFttt T εφφεε
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1. Before t+1 one has:
2. Before t+1 one computes : 
3. At t+1 acquisition of y(t+1) and u(t+1) is sent
4. Running of the AAP

(computation of :                           )  

Ftttytytutu ),(ˆ),(),1(),(),..1(),( θφ−−
)(ˆ)1(ˆ)),()(1/()( 0 ttytFttF TT φθφφφ =++

)1(ˆ),1(0 ++ tt θε

Implementation:

Stable for any F > 0

PAA – Improved gradient algorithm
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)1()()1()(ˆ)1(ˆ +Φ++=+ tttFtt oεθθ
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General form of the parameter adaptation algorithms

Φ )(
erroradaptationprioriato "")1( =+ε

F(t) is a time varying adaptation gain (positive definite matrix).

In “self-tuning” regime F(t)           0 as t increases
In “adaptive regime” F(t) should remain > 0
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)()()(1
)()()()()()1(
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tFtttFtFtF T
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−=+
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Φ
=Φ+

)()(ˆ)1()1( tttyt To φθε −+=+

)1()()1()(ˆ)1(ˆ +Φ++=+ tttFtt oεθθ

Sequence of operations in the PAA (details)

Between t and t+1

After t+1

At t+1: acquisition of y(t+1)

)(ˆ)1( tty Tφθ=+°

)1)()(( 21 == tt λλ
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•To optimize the performances of the PAA it is useful to tune the time profile of the
adaptation gain matrix
• To understand the influence of the tuning parameters, it is more convenient to use
the equation of the “inverse” of the adaptation gain (°°)
• To tune the time profile of the adaptation gain in (°°), 2 parameters are introduced

General form:
0)0(;2)(0;1)(0
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Choice of the adaptation gain F(t)

))(),(( 21 tt λλ

(°°)



Adaptive Control – Landau, Lozano, M’Saad, Karimi
14

Forme générale:
0)0(;2)(0;1)(0

)()()()()()1(

21

2
1

1
1

><≤≤<
+=+ −−

Ftt
ttttFttF T

λλ
φφλλ

A.1 Decreasing gain (RLS): 1)(;1)( 211 === tt λλλ

Parameter estimation  (constant parameters). To be used in self-tuning regime

A.2 Fixed forgetting factor: 1)(;10;)( 22111 ==<<= λλλλλ tt

99.0,...,95.01 =λTypical values for λ1:

[ ]
2 

1

)(
1 )1()(ˆ)()( ∑

=

− −−=
t

i

Tit itiytJ φθλMinimized criterion:

Parameter estimation for slowly time variyng plants
Dangerous algorithm if there is no excitation (adaptation gain goes to infinity)!

t   F(t)-1 F(t)

Forgetting factor

One gives more weight in the criterion the last prediction error (weigtht=1).
The weight on the first prediction error is very small (weight  =                    ; λ<1 and t>100)1)1( <<−tλ

Choice of the adaptation gain F(t)
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A.3 Variable forgetting factor: 10;1)1()1()( 00101 <<−+−= λλλλλ tt

1)( 22 == λλ t
99.0,...,95.0;99.0,...,95.0)0( 01Typical values: == λλ
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Since λ1(t) goes towards 1 for large i, one forgets intial valus

Minimized criterion:

•Parameter estimation for plants with constant parameters
•Use in « self-tuning regime ».
•Maintain a larger gain  then A.1 at the beginning
•Gives in general better performances than A.1

1
0

0

1
1

−−
−

qλ
λ1 )(1 tλ

Initial condition λ1(0)

1; 1 →∞→ λt

Asymptotically tends toward a decreasing adaptation gain

Choice of the adaptation gain F(t)
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t

Tr F

A.3

A.1

Comparison A.1/A.3

Tr F=Trace of matrix F (sum of the diagonal terms of gain matrix F)

The trace is a measure of the”gain” for the case of matrix gains
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fixedtttfort )(/)()(),( 211 λλαλ =

A.4 Constant trace: nGItrFttrFttrF ===+ )0()()1(
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Choice of the adaption gain

GI = (0.01)0.1 to 4

A.5 Decreasing gain + constant trace

Parameter estimation for  time varying systems (adaptive control regime) 

One switches from A.1 to A.4 when: 4  to1.0)01.0(;)( =≤ GnGttrF

Parameter estimation of time varying systems in the absence of initial
information upon the parameters (adaptive control regime)

One computes:
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Choice of the adaptation gain

A.6 Variable forgetting factor + constant trace

One switches from A.3 to A.4 when: 

A.7 Constant gain (improved gradient algorithm)

0)(;1)( 2211 ==== λλλλ tt )0()()1( FtFtF ==+

Estimation of systems with few parameters and low noise level.
Simple implementation but performance inferior to A.1, A.2, A.3 and A.4
(adaptive control regime) 

)3(≤

1  to1.0)01.0(;)( =≤ GnGttrF

Parameter estimation of time varying systems in the absence of initial
information upon the parameters (adaptive control regime)
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t

Tr F

A.6

A.5

A.4

Comparison A.4/A.5/A.6
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Choice of the initial adaptation gain F(0)

IGIIF )(1)0( ==
δ

The adaption gain can be interpreted as a measure of the
Parametric error (precision of the estimation).

Remark:
If the trace of F(t) does not decrease significantly, in general the
parameter estimation is bad.
(can happens when the excitation signals are not appropriate)

The trace of the gain matrix is a measure of the « value » of  the adaptation gain

Without initial information upon the parameters: 0)0(ˆ;1000 == θGI

Initial parameter estimation is available: 0̂)0(ˆ;1 θθ ==<<GI
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)()()(1
)()()()()()1(

ttFt
tFtttFtFtF T

T

ΦΦ+
ΦΦ

−=+

)1()()()(ˆ)1(ˆ +Φ+=+ tttFtt εθθ

)()()(1
)1()1(

0

ttFt
tt T ΦΦ+
+

=+
εε

Alternative form for the PAA

erroradaptationposterioriattt "")1(ˆ/1()1( ++=+ θεε

erroradaptationprioriattt ""))(ˆ/1()1( θεε +=+°

Used for synthesis and analysis of adaptive systems
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How to generate a parameter adaptation algorithm ?
Define θ* as the “unknown” optimal value of the parameter vector
Define          as the  “adjustable” parameter vector to be tuned)(ˆ tθ

One can generate a PAA if one can express a signal error )1( +tε

[ ] )()1(ˆ)()1( *1 ttqHt
T

Φ+−=+ − θθε

The associated PAA is:
)1()()()(ˆ)1(ˆ +Φ+=+ tttFtt εθθ

)()()(1
)1()1(

0

ttFt
tt T ΦΦ+
+

=+
εε

0)0(;2)(0;1)(0
)()()()()()1(

21

2
1

1
1

><≤≤<
+=+ −−

Ftt
ttttFttF T

λλ
φφλλ

erroradaptationposterioriattt "")1(ˆ/1()1( ++=+ θεε
erroradaptationprioriattt ""))(ˆ/1()1( θεε +=+°

(x)

(xx)
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Does it always work ?

It works provided that:

)(max2
2

)()(' 2
11 twithzHzH

t
λλλ

≥>−= −−

• is a strictly positive real discrete time transfer function
• is bounded

)(' 1−zH
)(tΦ

This will assure that              and              go to zero as)1( +tε )1(0 +tε ∞→t

Convergence of the parameters requires in addition that Φ(t)
is a “persistenly exciting” signal (to be discussed)

Define:
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Strictly positive real transfer function (SPR)

- asymptotically stable
- )0(,10)(Re πωωω <<=> jj eallforeH (discrete-time case)

ω

Continuous - time

s

σ

ωj

Re H

Im H

H ( ω)j

z = e
j ω

Discrete - time

z

-1
Re z

1

+

j

j

z = e
ωj-

Im z

s = j

Re H

Im H

H (e
ω

)
j

Re H < 0 Re H > 0

Re H < 0 Re H > 0
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Generation of a PAA – example

Discrete time plant model (unknown parameters))

)()()()()1( 11 ttutbtyaty Tφθ=+−=+

],[ 11 baT =θ )](),([)( tutyt T −=φ
Adjustable prediction model

)()(ˆ)()(ˆ)()(ˆ))(ˆ1(ˆ)1(ˆ 11 tttutbtytattyty To φθθ =+−=+=+

)](ˆ),(ˆ[)( 11 tbtat T =θ
Prediction error

))(ˆ/1()1(ˆ)1()1( tttytyt ooo θεε +=+−+=+

Parameter vector

Measurement vector

Vector of adjustable parameters

;

)()1(ˆ)()1(ˆ)()1(ˆ))1(ˆ1(ˆ)1(ˆ 11 tttutbtytattyty T φθθ +=+++−=++=+

))1(ˆ/1()1(ˆ)1()1( ++=+−+=+ tttytyt θεε

But:

a priori

a posteriori

[ ] )()1(ˆ)1( ttt
T
φθθε +−=+

Is of the form (x) and we can use the PAA (xx) with )()( tt φ=Φ
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An equivalent feedback representation
Eqs (x) and (xx) allow to define an equivalent feedback system

Define the parameter error : θθθ −= )()(~ tt
)

From (xx) one gets: )1()()()(~)1(~
+Φ+=+ tttFtt εθθ (xxx)

The stability of the adaptive systems is studied using this equivalent representation

-

+
+( )TX ( )XF(t)

1−q

)1( +tε)( 1−qH

)(tΦ

)(~ tθ

)1(~
+tθ

)1(~
+Φ− tTθ

Linear

Nonlinear/Time Varying

scalar
product

)()1(~)()1( 1 ttqHt T Φ+−=+ − θε (x)
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Convergence towards 0 (zero) of the adaptation error
does not necessarily implies the convergence of the
estimated parameter vector      towards the optimal
value θ !!!!

θ̂

A supplementary condition upon the input is required
(persistence of excitation)

Convergence of estimated parameters
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Persistenly exciting regressor

Φ(t) is such that:

[ ] [ ] 0ˆ0)(ˆ ** =−=Φ− θθθθ ifonlyt
T

This imply that:
• is different from zero
• It does not exist:

[ ] 0)(ˆˆ0)( ** =Φ−≠≠Φ twhichforvectoraexistsitthatsucht
T

θθθθ

)(tΦ

Rem.: the condition above can be converted in many cases
in terms of a condition upon the excitation only.
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Convergence of the parameters

« null prediction error » does not implies in all the cases 
« estimation of the true parameters »!!

Plant model: )()()1( 11 tubtyaty +−=+

Estimated model: )(ˆ)(ˆ)1(ˆ 11 tubtyaty +−=+

.)( consttu =
1

1

1

1
ˆ1

ˆ
1 a

b
a

b
+

=
+

The two models have the same
static gain but 1111 ˆ ; ˆ bbaa ≠≠

1111
ˆ ; ˆ ; .)(for    0)1(ˆ)1()1( bbaaconsttutytyt ≠≠==+−+=+ε

u
a

btyty
1

1
1

)()1(
+

==+ u
a

btyty
1

1
ˆ1

ˆ
)(ˆ)1(ˆ

+
==+et

If we would like to distinguish the two
models one should apply: 0;)sin()( ≠= ωωttu

 

ω 

plant

   model 

  G
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Analysis

[ ] [ ] 0)( ˆ)(ˆ)1(ˆ)1()1( 1111 =−+−−=+−+=+ tubbtyaatytytε

)(
1

)( 1
1

1
1 tu

qa
qb

ty
−

−

+
=

( ) ( )( )[ ] 01 ˆˆ )1( 1
111

1
111 =+−+−=+ −−  u(t) qabbqbaat ε

( ) ( )[ ] 0)()(ˆˆˆ)1( 1
101111

1
11 =+=−+−=+ −− tuq u(t) baabqbb t ααε

Solution of the recursive equation: tsTt eeztu ==)(

(*)

( ) 0  1
1

0 =+ − tzz αα réelez eT ==−= σ
α
α σ ;

0

1 tTeetu σ=)(

1

1

1

1
11111101 ˆ1

ˆ
1

ˆˆˆ10)(
a

b
a

babbabbzconsttu
+

=
+

⇒−=−⇒=−⇒=⇒=⇒= αασ

Problem : find u(t) such that: 1111 ˆ;ˆ0 bbaa ==⇒=ε
Answer: u(t) should not be a solution of (*).

0,sin)( ≠= − ωωωω tToreoretu e
tTjtTj eeAn example :
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General case – choice of the excitation signal

∑∑
==

−−+−−=
BA n

i
i

n

i
i idtubityaty

11
)()()(

Number of the parameters to be identified: B

Structure of the model to be indentified:

A nn +=

∑
=

−=
p

i
ei tTtu

1
sin)( ω

One should choose p such that u(t) can not be a solution of the recursive equation
for ε whch features the parametr errors.

⎪
⎭

⎪
⎬

⎫

++
≥=+

+
≥=+

2
1

2
BA

BA

BA
BA

nnpoddnn

nnpevennn

In order to identify correctly one should use an input « rich » in frequencies.

Standard solution: Pseudo Random Binary Sequence (PRBS)

Excitation signal:
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Pseudo random binary sequence (PRBS)
Sequence of rectangular pulses, modulated in width
(rich in frequencies – almost uniform spectral density from 0 to 0.5fs)

Generation: shift registers connected in feedbck
Example : generation of a PRBS of length 31=25-1

B1   B2 B3 B4 B5

+

( addition modulo 2 )

Length of the sequence : gives its periodicity.
Random variation of the pulse width within a sequence

Characteristic parameters:
• number of cells (N)
• Maximum pulse duration ( tim=Nte )
• length of the sequence ( L=2N-1 )

C++ code and .m file for generation of  PRBS: see the book website
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PAA – Concluding remarks

• PAA are a fundamental component of any closed loop adaptive control scheme
either “direct” or “indirect”

• PAA are also used in sytem identification (recursive algorithms)

• There are several choices for the profile of the adaptation gain

• For a secure implementation the implementation of the updating algorithm for
the adaption gain should use the U-D factorization (see Chapter 16)

• Convergence towards good performance does not necessarily implies that the 
optimal parameters have been correctly identified

• Convergence towards good performance simply implies that one has the good
parameters for the specific excitation (reference signals) acting on the system

• If convergence to the optimal parameters is required, special external excitation
should be applied (testing signals satisfying a persistence of excitation condition)
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